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We compute the expectation value of the 1/2 BPS circular Wilson loop in ABJM theory at
two loops in perturbation theory. The result shows perfect agreement with the prediction from
localization and the proposed framing factor.
I. INTRODUCTION
One of the most interesting instances of AdS/CFT
correspondence is the duality between string theory on
AdS4×CP
3 background and the N = 6 superconformal
extension of Chern-Simons theory (CS) constructed in
[1, 2], hereafter referred to as ABJM theory. The pre-
cise statement of the duality is that type IIA string
theory on AdS4 × CP
3 is dual to the N = 6 CS the-
ory coupled to bifundamental matter, with gauge group
U(N) × U(M), in the limit of large N, M and large
CS level k, with λ = N/k and λ̂ = M/k fixed1. In
the last four years, this particular realization of the
AdS/CFT correspondence has been extensively inves-
tigated, and different observables of the theory, such as
scattering amplitudes [3]–[13] and Wilson loops (WL)
[14]–[19] were studied. In this paper, we will be con-
cerned with the computation of the expectation value
of WL operators in ABJM theory.
Among the gauge theory observables WL are of par-
ticular importance. This is due to the fact that, on
the one hand, WL encode important information about
gauge theory, such as the interaction potential of col-
ored particles and Schwinger pair production probabil-
ity. On the other hand, in the context of holography,
WL happen to be the gauge theory duals to fundamen-
tal string states in AdS spaces. In the special case of
ABJM theory, it containing a CS contribution, WL are
natural observables to look at. Moreover, the evalua-
tion of WL allows to investigate the intriguing relation
that seems to exist between perturbative results of the
ABJM theory and the N = 4 four-dimensional super
Yang-Mills (SYM) (see for instance [14]).
Supersymmetric circular WL in ABJM theory were
first discussed in Refs. [14–16], where operators pre-
serving 1/6 of the supersymmetry were constructed
as the holonomy of the connections A = Aµx˙µ −
2πi
k |x˙|M
I
J CIC¯
J and Aˆ = Aˆµx˙
µ− 2πik |x˙|Mˆ
I
J C¯
JCI , com-
bining the gauge fields A and Aˆ with the bifundamental
scalars C and C¯ through proper matrices M = Mˆ =
diag(−1,−1, 1, 1).
1 Precisely, the theory is referred to as ABJM when M = N and
ABJ when M 6= N , but we will not make distinction here.
Such operators are direct generalizations of the con-
figurations previously studied in N = 4 SYM [20–22],
and they also exist in CS theories with less supersym-
metry. Of particular importance to our discussion are
the 1/6 BPS operators studied in Ref. [14], where lin-
ear combinations of WL transforming oppositely under
time-reversal were considered and perturbative compu-
tations for their expectation values were performed.
A year after 1/6 BPS WL operators were found, Ka-
pustin et al. discussed in [23] the computation of WL
expectation values in CS theories with matter by re-
sorting to localization techniques [24]. In Ref. [25], the
matrix model constructed in [23] was used to compute
exact expressions for the expectation value of the 1/6
BPS WL operators in ABJM in the large N limit, pro-
viding in this way an interpolating function between the
weak and the strong coupling regimes of the theory.
Simultaneously, in Ref. [17], a WL operator that pre-
serves 1/2 of the supersymmetry in ABJM was found.
As shown in [17], the different couplings of this 1/2
BPS operator to the matter fields of the theory can be
accommodated in a single superconnection L for the
supergroup U(N |M)
L(τ) =
 A −i√2πk |x˙| ηI ψ¯I
−i
√
2π
k |x˙|ψI η¯
I Aˆ
 , (1)
whose holonomy gives the WL
W1/2[C] =
1
N +M
TrP exp
(
−i
∫
C
dτ L(τ)
)
(2)
A and Aˆ are the same combinations of gauge and scalar
fields as for the 1/6 BPS case, although with a different
matrix M = diag(−1, 1, 1, 1); ηI and η¯I are commut-
ing spinors controlling the coupling to the bifundamen-
tal fermions ψ and ψ¯, whose supersymmetry preserving
form for a circular WL is spelled out in [17].
It was observed in [17] that the 1/6 BPS and the
1/2 BPS circular WL operators happen to belong to
the same cohomology class under the supercharge used
for localization. This results in an equivalence between
their corresponding expectation values. In particular,
adapting the matrix model of [23] to the supercon-
nection representation, this enables to derive a predic-
tion for the expectation value of the 1/2 BPS operator.
Here, we present a perturbative test of this prediction.
2In Section II we review the matrix model calculation
and the prediction for the weak coupling expectation
value, particularly in the case of the 1/2 BPS WL oper-
ator. In Section III we present the explicit computation
of the 1/2 BPS operator in planar perturbation the-
ory, up to two loops. This includes the novel fermionic
diagrams, which turn out to be the most technically
involved contributions. Finally, in Section IV we com-
pare the results we obtain in perturbation theory with
those coming from localization. We find perfect match-
ing, once the result from localization gets mapped to
framing zero by suitably removing the framing phase.
II. LOCALIZATION
In Ref. [23], by means of localization techniques, it
was shown that the path integral of the supersymmet-
ric CS theory reduces to a non-Gaussian matrix model.
This matrix model yields the following expression for
the partition function
Z =
∫ N∏
a=1
dλa e
iπkλ2a
M∏
b=1
dλˆb e
−iπkλ̂2b × (3)
∏N
a<b sinh
2(π(λa − λb))
∏M
a<b sinh
2(π(λˆa − λˆb))∏N
a=1
∏M
b=1 cosh
2(π(λa − λˆb))
The evaluation of expectation values of W1/6[C] and
Wˆ1/6[C] amounts to inserting in (3) the following con-
tributions
w1/6 =
1
N
N∑
a=1
e2πλa and wˆ1/6 =
1
M
M∑
a=1
e2πλˆa (4)
where w1/6 and wˆ1/6 correspond to the U(N) and U(M)
pieces, respectively.
As said above, it was observed in [17] that the 1/6
BPS and the 1/2 BPS circular WL operators belong to
the same cohomology class, and this yields an equiva-
lence between the corresponding expectation values. In
fact, computing the 1/2 BPS operator in terms of the
matrix model amounts to plugging in (3) the operator
w1/2 =
1
N +M
(
N∑
a=1
e2πλa +
M∑
a=1
e2πλˆa
)
(5)
From equations (4) and (5), we observe the relation
(N +M)w1/2 = N w1/6 +M ŵ1/6. Therefore, at the
level of the expectation values, the relation between the
1/6 BPS and the 1/2 BPS operators can be expressed
by [17]
〈
W1/2[C]
〉
f=1
=
N
〈
W1/6[C]
〉
f=1
+M
〈
Wˆ1/6[C]
〉
f=1
N +M
(6)
where
〈
W1/6[C]
〉
f=1
and 〈Wˆ1/6[C]〉f=1 represent the ex-
pectation values of the 1/6 BPS operators correspond-
ing to the U(N) and U(M) pieces, respectively. Since
coming from localization, identity (6) has to be under-
stood at the nontrivial framing one, and this is pre-
cisely what the subindices f = 1 in (6) refer to. Fram-
ing [26–28] is the choice of a normal vector field along
the contour C, defining a nearby path which allows for
a point splitting regularization of the self–linking num-
ber of a knot in a topologically invariant manner. For
pure Chern–Simons this procedure has been shown to
provide sensible results [27], since the WL expectation
values do not depend on the particular choice of the
framing contour, but just on its linking number with
the original path. In order for framing to be compati-
ble with localization, it has to respect supersymmetry,
and this in turn imposes that the computation be per-
formed at framing one [23]. Then, using the matrix
model one can compute the framing one expectation
value of these operators at weak coupling in the planar
limit and obtain [29]〈
W1/2[C]
〉
f=1
= 1 +
iπ
k
(N −M)
−
π2
3k2
(2N2 + 2M2 − 5NM) +O(1/k3) (7)
In order to compare with a perturbative computation
performed at framing zero, one has to identify and re-
move the framing phase. This was carried out success-
fully for the 1/6 BPS WL’s for which the prescriptions
[23] 〈
W1/6[C]
〉
f=0
= e−
ipi
k
N
〈
W1/6[C]
〉
f=1〈
Wˆ1/6[C]
〉
f=0
= e
ipi
k
M
〈
Wˆ1/6[C]
〉
f=1
(8)
provide results which match the perturbative evaluation
[14–16].
For the 1/2 BPS WL, the framing factor has been
identified in (7) as [29]〈
W1/2[C]
〉
f=1
= e
ipi
k
(N−M)
〈
W1/2[C]
〉
f=0
= e
ipi
k
(N−M)
×
[
1−
π2
6 k2
(
N2 +M2 − 4NM
)
+O(1/k3)
]
(9)
We will prove that the square bracket is indeed the per-
turbative result at framing zero.
III. PERTURBATIVE COMPUTATION
In this Section, we present the perturbative evalua-
tion of the circular 1/2 BPS WL in ABJM, up to two
loops in the planar limit. Since such a computation
is quite involved, requiring the regularization and the
calculation of intricate trigonometric integrals, here we
simply quote the main results referring to [30] for details
on the calculation and the techniques used.
We start from the expression (2) for the WL where C
is a circle parametrized as xµi = (0, cos τi, sin τi). In or-
dinary perturbation theory the evaluation is performed
as usual by Taylor expanding the exponential of the
superconnection (1) and taking the expectation value
by Wick contracting the fields. Since we are interested
3in the two–loop quantum corrections, it suffices to ex-
pand it up to the fourth order. In this process we get
purely bosonic contributions from the diagonal part of
the U(N |M) super-matrix (1), purely fermionic contri-
butions from the off–diagonal blocks and mixed contri-
butions from the mixing of the two.
In order to deal with potentially divergent diagrams,
we use dimensional regularization with dimensional re-
duction (DRED), which has been proven to preserve
gauge invariance and supersymmetry of Chern–Simons
theories up to two loops [31]. This amounts to per-
form all tensor manipulations in three dimensions be-
fore promoting loop integrals to D = 3−2ǫ. In particu-
lar, care is required when contracting 3d metric tensors
coming from Feynman rules with D-dimensional met-
ric tensors coming from tensor integrals. Moreover, in
order to avoid potential problems arising from contract-
ing 3d epsilon tensors (coming from gauge propagators
and cubic vertices) with tensorial loop integrals we use
helpful identities for eliminating εµνρ tensors before an-
alytically extending the integrals to D-dimensions.
The integrals generally converge in the complex half–
plane defined by some critical value of the real part of
the regularization parameter ǫ. Using techniques that
will be presented in [30], we have been able to compute
them analytically for any complex value of ǫ. They turn
out to be expressible in terms of hypergeometric func-
tions. In the regime where they converge we have suc-
cessfully tested our results numerically. In a neighbor-
hood of ǫ = 0, we have evaluated them by analytically
continuing the hypergeometric functions and expanding
the result up to finite terms.
At one–loop, neglecting tadpoles and diagrams van-
ishing due to the antisymmetry of the ε tensor, the only
non–trivial Feynman diagram comes from a fermion
exchange. The corresponding integral can be easily
evaluated and turns out to be subleading in ǫ. Thus,〈
W1/2[C]
〉(1)
f=0
= 0, in line with the prediction from lo-
calization when the framing factor (9) is removed.
At two loops, neglecting diagrams which vanish iden-
tically because of the antisymmetry of the ε tensor, we
are left with purely bosonic diagrams coming from con-
tracting the diagonal terms in (1) plus two extra dia-
grams where exchanges of fermions appear.
The diagrams arising from the contraction of the di-
agonal blocks are already present in the evaluation of
1/6 BPS WL. Although the definition of the M ma-
trix governing the coupling to the scalars is different
in the two cases, only the trace of M2 enters at this
order, which is exactly the same. Therefore, borrow-
ing the results for the 1/6 BPS case [14–16], the sum
of the relevant contributions from the upper diagonal
block reads
+ + =
N2M − 16N
3
M +N
π2
k2
(10)
Similarly, the contribution from the lower diagonal
block is obtained upon exchanging M ↔ N .
Two additional contributions involving exchange of
fermions need be considered, one with a fermionic lad-
der and one with a gauge/fermion cubic interaction.
Potentially, also a diagram with the exchange of a one–
loop corrected fermion propagator should be consid-
ered, but it vanishes when taking the trace of the su-
perconnection exponential.
The fermionic ladder is straightforwardly computed
by calculating the relevant integrals over the WL pa-
rameters. There are two contributions depending on
which pairs of fermions are contracted. Even though
they are individually divergent, their sum is finite and
up to order O(ǫ) it is given by
+ =
3
2
π2
MN
k2
(11)
The vertex graph is troublesome, since it involves both
an integration over the WL parameters and a space–
time integral from the internal interaction vertex. By
carrying out the algebra of the diagram we end up with
a linear combination of integrals of the form
∂µ1 ∂
ν
2 ∂
ρ
3
∫
d3−2ǫx
[(x − x1)2]
1
2
−ǫ[(x− x2)2]
1
2
−ǫ[(x− x3)2]
1
2
−ǫ
(12)
where ∂µi ≡
∂
∂xiµ
. In some terms the indices carried by
the derivatives are (partially) contracted among them-
selves, whereas in other terms they are contracted with
external tensorial structures.
Whenever two of the indices are contracted the
computation simplifies, since we can exploit the D-
dimensional Green equation for the propagators and get
rid of the space–time integral. After collecting all such
pieces and performing the parametric integrals we find
a divergent contribution
∣∣∣∣
c
= π2+2ǫ
MN
2k2
(
−
1
2ǫ
− 1− γE − 4 log 2
)
(13)
where |c refers to contributions that involve integral (12)
with the indices contracted.
In the remaining terms the space–time integration is
unavoidable. Still, we were able to carry it out and the
final contribution reads∣∣∣∣
u
= π2+2ǫ
MN
2k2
(
1
2ǫ
− 3 + γE + 4 log 2
)
(14)
where in this case |u stands for contributions that in-
volve integral (12) with the indices uncontracted. Sum-
ming the contracted and uncontracted parts of the ver-
tex diagram we can ascertain that the divergence can-
cels out, as well as all unpleasant constants. The final
result from this diagram, up to O(ǫ) terms, reads
= − 2π2
MN
k2
(15)
4Therefore, summing the contribution (10) plus its
analogous from M ↔ N with the contributions (11)
and (15), the expectation value of the 1/2 BPS WL at
two loops in the planar limit is
〈
W1/2[C]
〉(2)
f=0
= −
π2
6 k2
[
N2 +M2 − 4NM
]
(16)
Notably, this equals the prediction (9) from localization
once the phase factor e
ipi
k
(N−M) has been removed.
IV. CONCLUSIONS
Up to two loops, we have determined the 1/2 BPS
circular Wilson Loop in the ABJM theory. We have
proved that the perturbative result perfectly matches
the weak coupling prediction from localization, once the
framing–one factor has been removed.
As already mentioned, in the W1/6[C] case the pre-
scription for relating framing–one and framing–zero re-
sults by rescaling with a eiπN/k factor was supported
by matching the localization result with known results
from perturbation theory. In the
〈
W1/2[C]
〉
case, while
the localization result at framing one has been easily
inferred using identity (6), the prescription (7) for re-
moving the framing factor, even if natural, was lacking
a direct confirmation from a perturbative result. Here,
we have provided the perturbative confirmation.
This calculation is technically involved, and this is
due to the fact that in contrast to the 1/6 BPS op-
erators, which couple only to the gauge fields and the
scalars of the theory, the 1/2 BPS operator also couples
to the fermions, which are in the bifundamental rep-
resentation of U(N) × U(M). This introduces notable
technical difficulties. In particular, individual contri-
butions from fermionic diagrams are divergent at two
loops and only in the end all singularities cancel out.
Therefore one has to introduce a regularization for the
integrals. This is a delicate point because finite terms
are affected by the choice of regularization scheme. It
turns out that a careful application of DRED yields the
correct result. Dimensionally regulating integrals also
sources technical issues, since it requires solving them
analytically for any value of the parameter ǫ, which is
a hard task. The details of such computations will be
reported in a future publication [30].
The techniques we used may be applied to the per-
turbative analysis of other Wilson loop operators. In
particular, it would be interesting to extend the present
computation to other supersymmetric Wilson loops in
ABJM, such as the generalizations proposed in [32, 33],
for which an exact result from localization has not been
derived yet.
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